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Abstract

In a three-part study, the first part being this paper, the investigation of the three-dimensional nonlinear dynamics of
unrestrained and restrained cantilevered pipes conveying fluid is undertaken. The full derivation of the equations of
motion in three dimensions for the plain cantilevered pipe is presented first in this paper, using a modified version of
Hamilton’s principle, adapted for an open system. Intermediate (between the clamped and free end) nonlinear spring
constraints are then incorporated into the equations of motion via the method of virtual work. Furthermore, a point
mass fixed at the free end of the pipe is also added to the system. The equations of motion are presented in
dimensionless form and then discretized with Galerkin’s method.
© 2006 Elsevier Ltd. All rights reserved.
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1. Introduction

Although the dynamics of pipes conveying fluid has been studied extensively over the past 50 years or so, most of the
theoretical models utilized have been two-dimensional.

Some of the earliest work [e.g. Feodos’ev (1951), Housner (1952)] showed that pinned—pinned and clamped—
clamped pipes conveying fluid may lose stability by divergence, i.e. they may buckle, at sufficiently high flow velocities.
Benjamin (1961a, b) was the first to undertake a thorough study of the dynamics of a cantilevered pipe conveying
fluid; this pioneering work is particularly well known for formulating a modified version of Hamilton’s principle
accounting for momentum flux in and out of the open system, which is still used today and will in fact be used in this
work. Later work by Gregory and Paidoussis (1966a, b) showed that cantilevered pipes lose stability via flutter for
sufficiently high flow velocities. Two-dimensional (2-D) theory is sufficient for predicting the buckling (static
divergence) of a simply supported pipe, or the dynamic instability of a cantilevered one, since these are physically planar
bifurcations.

In 1970-2000 period, the literature on this topic literally exploded, with linear and nonlinear, two- and three-
dimensional, theoretical and experimental studies, both for the plain pipe and for pipes with added spring supports,
masses and dashpots, somewhere along the length of the pipe. This was the result of gradual realization that this
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problem is a new paradigm in dynamics, displaying in a simple system a wide variety of the dynamics of more complex
engineering problems; moreover, the fluid-conveying pipe system has the advantage that one can fairly easily conduct
experiments to test the theory. A thorough literature review will not be undertaken in this paper. For that, the reader is
referred to Paidoussis and Li (1993) and Paidoussis (1998). Also, more complete literature reviews on the particular
topics of the Parts 2 and 3 papers may be found therein.

As is evident from even a casual perusal of Paidoussis (1998), the cantilevered pipe conveying fluid, being an
inherently nonconservative system, is capable of displaying a seemingly inexhaustible variety of interesting and often
surprising behaviour—much more than a pipe with both ends supported. Accordingly, the system considered in this
paper, whether with intermediate springs or with an end mass (defined below), involves a cantilevered pipe.

The purpose of this paper is to present the derivation of the three-dimensional (3-D) nonlinear equations of motion
of the fluid-conveying cantilevered pipe, also incorporating an “intermediate’” or “intraspan’ spring support (i.c. a
spring support somewhere between the fixed and the free end of the pipe), as well as an “end-mass” (i.e. a relatively
small mass attached at the free end of the pipe). Remarkable previous work on the dynamics of the plain cantilevered
pipe has been conducted by Bajaj and Sethna (1984), and for the pipe fitted with a bent end-nozzle by Lundgren et al.
(1979). Equally remarkable is a series of studies by Steindl and Troger (1988, 1991, 1995, 1996), focussing on the 3-D
motions of a cantilevered pipe with an intermediate spring support, revealing a veritable cornucopia of dynamical
behaviour. In these studies, different, but equivalent, forms of the 3-D equations of motion to those obtained here were
derived.

The equations derived in this (Part 1) paper are used in Part 2 (Paidoussis et al., 2007), which deals exclusively with
the 3-D nonlinear dynamics of a cantilevered pipe with an intermediate spring support. In addition to the
aforementioned work by Steindl and Troger, the theoretical and experimental work by Paidoussis and Semler (1993)
should be mentioned. The main objective of that paper was the study of the dynamics in the neighbourhood of the state
of double degeneracy, when buckling (divergence) and flutter occur at the same flow velocity, achieved by a judicious
choice of location and stiffness of the intermediate spring.

The dynamics of a cantilevered pipe with an end-mass is the subject of the Part 3 paper (Modarres-Sadeghi et al.,
2007). In this case also, a literature review may be found in that paper. However, the work by Paidoussis and Semler
(1998) should be mentioned, and particularly that of Copeland and Moon (1992); in the latter, it was shown that,
depending on the size and weight of the end-mass, as well as the flow velocity, an intricate sequence of generally 3-D
and chaotic oscillations can occur.

In both Parts 2 and 3, the theoretical results, obtained by means of the equations derived here, are compared with
experimental observations and previous theoretical models. Indeed, it should be said that the rich 3-D dynamics
observed in the aforementioned experiments, mainly those by Copeland and Moon (1992) but also those by Paidoussis
and Semler (1993, 1998), was responsible for giving the main impetus for this three-part study.

In Parts 2 and 3 of this study, the main interest is in the post-critical dynamics of the system; i.e. the dynamics beyond
the first bifurcation encountered by the system, which can also be predicted by linear theory. For the system with an
intraspan spring (Part 2), this first bifurcation is related to loss of stability by divergence or flutter, depending mainly on
the location and strength of these springs. In Part 2, the dynamics beyond that point is explored (i.e. for higher flow
rates), focussing on the determination and characterization of any additional bifurcations. The same applies to the
system with an added end mass (Part 3), where the dynamics is explored beyond the onset of flutter, focussing on
additional bifurcations and on whether the motions are two- or three-dimensional.

Finally, it should be made clear that this three-part paper reports on a fundamental, curiosity-driven investigation.
Although a number of applications do exist for the general topic of pipes conveying fluid (Paidoussis, 1998, Section 4.7),
e.g. the Coriolis mass-flow meter, ocean mining and the hydroelastic ichthyoid propulsion system, the main motivation
for this work does not come from applications. Nevertheless, as amply demonstrated in Paidoussis (1993), although
research in the broad area of fluid—structure interactions involving axial flow is often undertaken with little or no
application in mind, unexpected uses and applications emerge, 10, 20 or 50 years later.

2. Problem statement

In this paper, we consider a vertical cantilevered pipe of length L, mass per unit length m and of flexural rigidity EI,
conveying a fluid of mass per unit length M with mean axial velocity U, see Fig. 1.

The equations of motion are obtained under the following assumptions: (i) the fluid is incompressible; (ii) the flow is
of constant velocity and free from pulsation; (iii) the pipe behaves like a nonlinear Euler—Bernoulli beam (the diameter
is small compared to the length); (iv) the strain in the pipe is considered small, although large deflections are expected;
(v) rotary inertia and shear deformation are neglected; (vi) the pipe centreline is inextensible; (vii) in the case of the pipe



M. Wadham-Gagnon et al. | Journal of Fluids and Structures 23 (2007) 545-567 547

() M (b)

Fig. 1. Diagram of a cantilevered pipe conveying fluid with flow velocity U. Also shown are “intermediate springs” (of individual
stiffness k) and an end-mass (of mass m,) which may be added to the basic system. (a) Undeformed system; (b) deformed system.

P(X,+u, v, w)
Py(X,, 0,0) ]

A
X

Fig. 2. Diagram illustrating the Lagrangian (X,, Y,, Z,) and Eulerian (x, y, z) coordinate systems and a representative segment on the
pipe centreline identified according to the Lagrangian system, P,(X,,0,0), and the Eulerian system, P,(x,y,z) = P,(X, + u, v, w).

with an intermediate spring support, the springs are assumed to be attached to the centreline of the pipe'; (viii) the end-
mass is assumed to be a point mass.

The Lagrangian coordinate system is introduced here as (X, Yo, Zy), labelling specific particles at a certain place and
time taken at the original equilibrium state of the pipe, to create a relation between the Eulerian coordinate system (x, y,

z) and the displacement (u, v, w) of any particular material point on the pipe (Fig. 2). The two coordinate systems are
related as follows:

x=Xo+u y=Yo+v, z=Zo+w. (1)

IThis assumption will be modified in Appendix C of this paper and will be discussed in Part 2 (Paidoussis et al., 2007) of this study.
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By setting the Eulerian coordinate x, or the Lagrangian coordinate X, along the pipe centreline in the equilibrium
configuration when the free pipe is at rest, Yy and Z, become zero. The x-axis is defined to coincide with the direction
of gravity.

It is useful to define a curvilinear coordinate s, along the length of the pipe. Because the pipe has been assumed to be
inextensible, it follows that Xy = s. Through simple derivations (Paidoussis, 1998) the inextensibility condition may be
stated as follows:

ox\*  [oy\*  [oz\’

(a) * (&) * (a) =h @
du\ > v\ 2 ow\ 2

(]+6_s) +(a_s) +(a_s) =1 (3)

The inextensibility condition will be used, in different variations of the above and often as a linear or third-order
approximation, to reduce the system of three partial differential equations of motion down to two, involving y and z, or
in terms of v and w.

The methods used to obtain the 3-D model presented here were inspired by previous derivations of the 2-D governing
equation of motion for a cantilevered pipe conveying fluid (Semler et al., 1994).

The starting point of the derivation is a modified version of Hamilton’s principle, where the right-hand side accounts
for the energy gained or lost at the free end of the pipe (Benjamin, 1961a,b):

th th t o
5/ ydz+/ 5Wdz:/ {MU{E—f— U‘L'L:| .(m}dz. 4)
t t I

In Eq. (4), & represents the Lagrangian of the system (¥ =T, + Ty —V, — V), where T and V represent the
kinetic and potential energy, respectively, and the subscripts p and f refer to the pipe and the fluid, respectively; o W is
the virtual work which accounts for the forces not included in the Lagrangian. The right-hand side of Eq. (4) can be
viewed as the virtual momentum transport across the open surface at the end of the pipe. The subscript L on the right-
hand side of Eq. (4) specifies that the vector is measured at s = L.

On the right-hand side of Eq. (4), r is a position vector and 7 is the tangent vector at any point of the pipe. They may
be expressed as follows:

or

r=xi+yj+ zk = (s + wi + vj + wk, (3)
ox, 0Oy, Oz Ou), Ov, Ow
T—al-f‘&jﬂ'ak—(l'i-a)l"-&]'f—ak. (6)

Although assumption (iv) states that one can expect large deflections, an order of magnitude analysis in the planes of
lateral motion shows that z (or displacement w) and y (or displacement v) can be considered small, defined as being of
the order ¢, such that

z=w=0(g), (7)

y=v=0(). ®)
The derivation of the equations of motion undertaken here accounts only for nonlinear terms up to the third order,
0.2

Additional constraints to the system, such as an intermediate spring support, can be incorporated into the equations
of motion by the principle of virtual work. In Eq. (4) the virtual work, 6 W, represents the work done by the sum of
forces acting on the pipe, as a result of a virtual displacement.

Let us consider a distributed force (moment) along the length of the pipe, Q(s), which is a function of the centreline
deformation, u(s, t), v(s, t) and w(s, f) (or corresponding rotations if Q is a moment), i.e.

0 = Q®u,v,w) = Q1i + Oy + O3k, &)

%In the derivations, {x,y, z} or {u,v, w} are used, as convenient. Particularly in all derivations related to the intermediate springs the
{u, v, w} system is used. The final equations of motion will be expressed in terms of u, v and w (u will be implicitly present through the
inextensibility condition).
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which may be rewritten such that

Ql = Fu’ QZ = FU; Q3 = Fw» (10)

in which F,, F, and F,, may be thought of as forces per unit length acting, respectively, in the x, y and z directions. The
virtual work done by these forces, associated with displacements du, v and ow, is

L
5W=/ (Fyou+ F,ov+ F,ow)ds. (11)
0

One more relationship that will come handy is the expression for curvature in three-dimensional coordinates
(Lundgren et al., 1979), expressed as

%x g %y ’ %z : %u ? % g w g
2 (OX oy oy _ (9 °vv °w
e=() +(3) + (&) - &) (&) + (Ge) (12

3. The plain cantilevered pipe

The kinetic energy of a plain cantilevered pipe (i.e. in the absence of spring constraints and end-mass) conveying fluid
can be expressed as follows:

1 [F 1 L
T:Tp+Tf:§m/O vﬁds+§M/0 v} ds, (13)
where v, and vy are the pipe and fluid velocities, defined, respectively, by
ar_ax_ dy, Oz Ou. Ov, Ow

i+—j+—k=—i+_—j+—k

oo Tl T T T T (14)

Vp

0 0 . . Dr
v/=<a+ U&>(xt+y]+zk)zﬁ. (15)

Substituting Egs. (14) and (15) into Eq. (13), then applying Hamilton’s variational operator, ¢, on the latter, and
using the inextensibility condition, one obtains after some manipulation

53 t L r s
5/ Tdt= — / / (m+ M) )H—y// G+ )i + 27 +z’2/)ds} Sydsdt
t u Jo L 0
] Itz L r s L
+ / / (m+ M)|y" / / G +)VP + 27+ 272)ds ds} dydsdt
t 0 L 0 Js
Izz L L
- / / 2MU {j/(l +yH e — y”/ o'y + z'z")ds] dydsdrs
t 0 K
]tz L r K}
_ / / (m+ M)|z+7 / G+ 72 + 72+ 7)) ds} Szdsde
t 0 L 0
53 L r K L
+ / / (m+ M) z”/ / P47+ +y§)ds ds} Szdsdt
t 0 L 0 K

no L L
— / / 2MU |:2/(1 +2+ Yy =2 / 'z +y') ds:| ozdsdt
1 0 s

5}
+MU/ (Xp0xp + yp oy + zrozp)de, (16)
14l

where the overdot stands for 0( )/0¢, and the prime stands for 0( )/0s.
The potential energy of the system has two components: the pipe strain energy, V', and the gravitational energy of
both pipe and fluid, ¥y = V,, + V. The expression for potential strain energy, related uniquely to the material
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properties of the pipe, may be written as

t 1 153 L 1 153 L
B / V,sdt = ~EI / / S(kc*)dsdt = = EI / / (6x"% + 6y + 6z%)dsdt, 17)
t 2 1 0 2 n 0

1

where « is the curvature of the pipe.

As seen above, the variational operator needs to be applied to the expression for curvature, Eq. (12). The
inextensibility condition, Eq. (2), is then applied to the x-component of curvature, leading to the following expression
for the strain energy in the system:

N 5] 1 tr L )
b/ Vps dt = iEvl/ / (5(y/2y//2 + 2}1/}///2,2” +Z/2Z//2) + by//z + 52//2)d5dl‘
t 1 0

tn L

= E]/ / (y//// +y//3 + 4y/y//y/// +y/2y////)5y dsd?
4 0
n L
4 EI/ / (y//Z//Z +y"z/z'" + 3)//2”2/” +y/z’z””)5y dsdr
1 0

153 L
+ EI/ / (Z////ZH3 Jf‘ 4Z/z//z/// + 2/22////)52 del
I3 0

tr L
+ EI/ / (Z//y//2 + Z//y/y/// + 3Z/y//y/// + Z/y/y////)(sy ds dt (18)
4 0
The potential energy due to gravity can be expressed as
L
Vy=—(m+ M)g/ xds. (19)
0

By substituting the inextensibility condition into Eq. (19), applying the variational operator and integrating by parts,
the following expression may be obtained:

[5) 153 L
6/ Vydt = —(m+M)g/ / oxds
t n Jo
Lot 1 3 1,7
:(m+M)g/ / {(z’—i——z’ +=Zy )}&dsdt
n Jo 2 2
= Lr ’ 3/2// 1/2// a7
_(m+M)g/ / (L—s)(z/ +§z Z +§y 7+ 2y >}5zdsdt
4 0 L
e LT ’ 1 /3 1 ;12
—|—(m—|—M)g/ / (y +§y —|—§yz )](3ydsdt
t 0 L

t Lr 3 1
—(m+ M)g/ / (L—5) (y” + Ey’zy” + Ez’zy" + y’z/z”)} dydsdz. (20)
n Jo L

Finally, the terms associated with end effects due to the open nature of the system are developed by substituting Eqs.
(5) and (6) into the right-hand side of Eq. (4), yielding

15 .
/ {MUF'—L—}— UrL] -(5rL} di
\ ot

15}
= / MU[xLi+ pj+ 2ok + Ui+ Y j+ 2, k)] - (0xpi + 6y j + oz k) de
141

153 5]
:MU/ (Xp0x1 —|—}'/L5yL+z’L52L)dt+MU2/ (x’LéxL —|—y/,_5yL+z’L(32L)dt. 21
1 n
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It should be noticed that the first part of Eq. (21) will cancel out with the last part of the kinetic energy expression,
Eq. (16). The last part of Eq. (21) must undergo certain manipulations; to this end, it may be shown that

[5)
MU? / (X, 0xL + ¥, 0y, + 2, 0z)dt
t

6oL
= MU2/ / (X"0x + X'0x' + "0y + y'0y + 2"z + Z/6Z) dsds. (22)
14 0
The inextensibility condition can be rewritten as: x'0x’ + y'0y’ 4+ 2’6z = 0, so that Eq. (22) becomes
6oL
MU? / / (X"0x + "8y + 2"6z)dsdut. (23)
u Jo

Applying the inextensibility condition again, integrating by parts, using the following property of integrals (Semler et
al., 1994):

L s L L
/0 g(s)(/o f(s)dy ds) ds = /0 ([ g(s) ds>f(s)5y ds, (24)

and after some further manipulation, the right-hand side of the modified form of Hamilton’s principle becomes
5]
MU? / (X 0xL + ¥, 0y, + 2, 0z)dt
14l

nopL
:MUz/ / (x"0x + )"0y + 2’6z)dsdt
n Jo

153 L L L
— MUZ / A (y//(l + y/2) _ y// / y/y// ds + Z’Z”y/ _ y// / 77 dS‘) 5)7 dsdt
h s s

t L L L
+ MU? / / (z”(l +7 -2 / 7 ds+yy'7 — 2 / Wy ds) ozdsdr. @5
n Jo Js §

Egs. (16), (18), (20) and (25) are sufficient for obtaining the equations of motion for the plain pipe. Instead of doing
s0, the spring and end-mass forces are derived first; the equations of motion for the plain pipe can then be obtained by
eliminating the appropriate terms from the final form of the equations, Egs. (40) and (41).

4. The pipe with four intermediate springs

An array of four linear springs attached to the centreline of the pipe at an intermediate position s = L, and
symmetrically disposed with respect to the y and z axes is considered (a schematic representation is given in Fig. 3).
The forces that an array of N identical springs exerts on the pipe can be expressed as

N
Fy=k> (Ri— Long,, (26)
i=1

here N =4, and i = 1,2, 3,4 designates each spring of the array. The coefficient k is the linear stiffness of a spring, and
L, its unstretched length. R; is the length of spring i when stretched, and ng, is a unit vector along its length, the
direction of which is shown in Fig. 3. The scalar value of R; is determined according to dimensions P and Q (Fig. 3) and
the pipe displacements at s = Lg: uy, vy, and wy,.

Although the spring coefficient is assumed to be linear, the equivalent forces of the four springs acting on the pipe
become nonlinear due to the deformation of the system (geometric nonlinearity).

Unlike the derivations for the plain pipe, which can be found in detail elsewhere [e.g. in Semler et al. (1994)], this is
the first presentation of the nonlinear forces associated with the intermediate springs. Therefore, some of the
intermediate steps in the derivation are given in fair detail in Appendix A. As already remarked, these derivations, for
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A

Fig. 3. Forces exerted on the pipe due to the four-spring configuration, when the springs are assumed to be connected to the centreline
of the pipe. The springs are disposed in symmetrical fashion with respect to the z and y axes. 0, P and Q are predetermined and
P2+ Q* =R

convenience, will be done in the {u,v,w} framework, rather than using {x,y,z}. Briefly, after application of the
inextensibility condition and Taylor expansions, the components of the spring forces in Eq. (26) may be written as

S
F,= 2k(1 - %) 5(s — Ly) / W?* +w?)ds, 27)
0 0

F,=0d(s— LS){—4k<1 —% cos’ e)u

0

—2k% cos” (cos? 0 — 4sin? 0)° — Zk% (15cos® Osin® 0 — 2)vwz}, (28)

0 0

F, =0d(s— Ls){—4k(l - % sin’ 9) w

0

—2k% sin® 0(sin? 0 — 4 cos? O)w?* — 2k%(15 cos® 0sin® 0 — 2)wu2}. (29)
4 4
The spring forces are expressed in component form in Egs. (27)—(29); the subscripts u, v and w are associated with the
forces acting in the x, y and z directions, respectively. The Dirac delta function, é(s — Ly), simply indicates that these
equivalent forces apply only at one point along the centreline of the pipe, i.e. where the springs are assumed to be
attached.

Note that 6 is measured with respect to the z-axis. Thus, for #<45° the spring array is narrower along the z-axis, as
shown in Fig. 3.

For a spring array of specified geometry, expressions (27)—(29) may be rewritten in a simplified manner as

Fo=K.S(s — Ly) / W+ w?)ds, (30)
0

Fy=8(s — L) (=Ko — Kpyv® — Kpow?), €1))

F,, =0(s— L)(—K_w— K.uw® — Kyzwvz), (32)

where the K’s represent constant coefficients. The subscripts make reference to the direction in which they have
influence (x, y or z) as well as to whether they are associated with linear (/) or nonlinear (n/) terms.

The forces acting on the pipe may be introduced into Hamilton’s principle through the principle of virtual work, as in
Eq. (4). The virtual work associated with virtual displacements du, dv and ow is given by

L L K
oW, = F,duds = / <KX/ (l/2 + w/z) ds) S(s — Ly) duds, (33)
0 0 0
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L L
W, = / F,ovds = — / (Kyv + Kyt + Ky-ow?)d(s — Ly) dvds, (34)
0 0

L L
oW, = F,owds = — / (K.w + Kouw + Kyzwvz)é(s — Ly)dwds. (35
0 0

The inextensibility condition is then applied to the expression of virtual work acting in the axial-direction, 6 W,,,
together with Eq. (24). After some further manipulation, an expression compatible with Hamilton’s principle for the
virtual work done on the pipe, at s = L;, by an array of four intermediate springs is obtained, namely

153 H
/ 6Wdt:/ (OW, + W, + oW,)dt

1 n

1 L
= — / / (Kaw + Kogw® + Ky:wvz)é(s — Ly)owdsdt
Juy Jo

t L s
— / / KKX / W?*+w?) ds) (s — Ls)w/} owdsdr
18] 0 0

ty pL Ly
+ / / {wa”,u(o — LJ)/ W?* +w?) ds} owdsdrt
n 0 0

6oL
_ / / (K v+ Ky,llv3 + Ky:vwz)é(s — Ly)ovdsdt
t 0

t L ns
— / / KKx / W* +w?) ds) (s — Ls)u’} Svdsdr
1 0 JO
t L Ly
+ / / {va//,u(o - L) / W?*+ w/2)ds} Svdsdr, (36)
18] 0 0

where u(0 — Ly) is a Heavyside function defined as having a value of 1 for the interval s = 0 to L, and a value of 0 from
s=Lsto L.

Certain variations to the basic system of four springs as analyzed above are considered in the Part 2 paper (Paidoussis
et al., 2007): (i) a two- rather than four-spring configuration, and (ii) a more realistic geometry of attachment of the
springs to the pipe. Accordingly, a system with a two-spring configuration is considered in Appendix B, and the
moments induced by an array of springs not attached to the centreline of the pipe but rather to a ring mounted on the
pipe are found in Appendix C.

5. The pipe with an end-mass

It is quite simple to add a point mass into the variational statement of Hamilton’s principle. It is assumed that a mass
m, is located at the end of the pipe; then the Lagrangian, %,, associated with only this mass, takes the following form:

Lo=Te—Ve=3m(x] + 37 +27) — megx; . (37)

The steps followed to obtain the terms in the equations of motion related to the kinetic energy of the point mass are
comparable to those for the kinetic energy of the plain pipe. The kinetic energy associated with the end mass, similarly
to Eq. (13), may be written as

L
T, = %m / O(s — L)(x* + y* + %) ds,
0

and following a comparable procedure as in the foregoing, the variational term, similar to Eq. (16), is

153 1 53 L
5/ T.dt = zmeé/ / 3(s — L)(x* 4 3% + %) dsdr
t 1 0

1

%) L s
= — / / med(s — L) {y +y’/ G+ + 22+ ) ds| Sy dsde
n 0 0
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b L L K
+ / / {y” / meo(s — L)/ G+ + 22+ 27)ds ds} dydsdt
t 0 s 0
ltz L s
_ / / med(s — L) [z +7 / G2+ 25 + 72+ 5 ds} 5z dsdr
t 0 0
Irz L L K
+ / / [z’// Mmed(s — L)/ P42+ 4+ y§)ds ds} ozdsdz. (38)
n JO s 0

As a result of the point-mass assumption, there is no strain energy to account for; hence the potential energy due to
the end mass is simply gravitational and it is found to be

th 53 5]
6/ Ve dt:&/ mgngdz=/ megoxy dt
t 4 4
r £ [ ’ 1 /3 1 7 g2
= - meg|o(s— L) 2 +=2" +=2y ozdsdr
n Jo | 2 2
12 L r 3 ) 1 ) L
—I—/ / Meg <z”+—z/ Z+ =y Z”—}—z’y’y”)/ 5(s—L)ds} dzdsdr
1 0 L 2 2 s
e £ [ / 1 /3 1 ’ 12
— meg|0(s — L)V +=) " +5)z dydsdt
Jt JO L 2 2

53 L r 1 L
+ / /0 meg (y” + %y/2y” + Ez/zy” + y/z’z”) / (s — L) ds} dydsdr. (39)
n L s

The kinetic and potential energies for the pipe, fluid and end-mass, the end effect due to the fluid exiting the pipe as
well as the work done by the array of springs can all be combined together by substituting expressions (16), (18), (20),
(25), (36), (38) and (39) into Hamilton’s principle, Eq. (4). This generates one large equation involving a double integral
from ¢, to t, and from 0 to L; since the variations dy and Jz are arbitrary, the integrand must vanish. Moreover, the
terms multiplied by dy are independent of the terms multiplied by dz; consequently what seemed to be one equation may
be separated into two distinct partial differential equations. Keeping in mind that the inextensibility condition has
reduced the system of three variables down to two, the two equations derived describe the 3-D dynamics of a
cantilevered pipe conveying fluid with additional spring constraints and an added end mass. These equations are
expressed in terms of displacements v and w, and they are given below.

(1) The y-equation:

[(m + M + m,5(s — L)]i + E" + 2MUY + MU'

L
+[m+ M + m.d(s — L)|gv' — U”/ glm + M + m.d(s — L)]ds

+[m+ M + m. (s — L)lg (% A %U’w’2>

3 1 t '
_ (5 D/2U// + iW/2v// + U,W/W//) / glm+ M + m,d(s — L)]ds
s

L
+2MU {v’ v+ oW — v”/ W'+ whi) ds]
5
, L
+ MU? {v/ v+ oww — v”/ " +w'w") ds}
5
2
+ EIW0" + 400" 0" + 0" 4 0 ww” 4 30w W 4 0w 0w

+ 0[m + M + med(s — L)] / @ + 08+ W+ whi)ds
0

L S
v / [m+ M +m.d(s — L)] / (% + i + W2 + i) dsds
N 0
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+ {(Kylv + Kyn/v3 + Kyszz) + K0 / (v’2 + w’z) ds} (s — Ly)
0
Ly
— K"u(0 — Ly) / W+ w?ds=0, (40)
0

(ii) The z-equation:

m + + meo(s — w+ Elw™ + w + w
M 8(s — L))o + EIw" + 2MUW + MU*w"

L

+ [m+ M + m.0(s — L)]gw —w” / glm+ M + m.6(s — L)]ds
1 /3 1 702

+ [m+ M + m.(s — L)]g Ew +§w v

3 1 L
- (E w2w' + Ev’zw” + w'v/v”) / glm + M + m.6(s — L)]ds

L
+2MU |:W/2W, + W't —w” / WWw +1't) ds}
S

L
2
+ MU? {w' w + W' — w”/ wWw" + ') ds}
S

Swaw/

2
+ EI(W/ w/w + 4W/WHWW + W//} + W,D/U,W + 3W/U”UW Wy + W”l),,z)

N
+ w/[m + M + m.o(s — L)]/ (W/Z +whi + 1}/2 T+ i) ds
0
L S
—w / [m+ M + m.8(s — L)] / O 4w+ 67 4 o) ds ds
N 0
s
" {(KZ’”’ + Ko’ + Kyowe?) + Kon! / @ +w?) dS} 5(s — L)
0
Ly
— Kw"u(0 — Ls)/ (W +w?)ds = 0. )
0

It is noted that when analyzing the system for planar motion, say in the xy-plane, all displacements in the z-direction
would be zero. Consequently, Eq. (41) would lose all of its terms, and all coupled nonlinear terms in Eq. (40) would
vanish. Disregarding the intermediate springs, the equation of motion would then reduce to the familiar form found in
Paidoussis and Semler (1998); or disregarding the end mass also, i.e. for just the plain cantilevered pipe, to the form
found in Semler et al. (1994) or Paidoussis (1998).

All nonlinear terms are of third order. There are no second order, (’(¢?), terms due to the symmetrical nature of the system,
i.e. any displacements in the positive y- and z-directions generate equal and opposite reaction forces for equal negative
displacements; alternatively viewed, this says that replacing v by —v and/or w by —w, one obtains the same equation.

6. Dimensionless form of the equations

Introducing nondimensional quantities to allow the analysis of not just one specific system but of a generalized
system, regardless of shape and size,’

f_s f_LS v C_w _ EI 124
—_L’ s L’ ’/I_L’ _L’ T_ m+M Lz’
M\ '/? m+ M M m
= —_— UL V= L3 = — ine
“ <E1) Ay A Aty vE (m+ M)L’

3In what follows, u denotes the dimensionless flow velocity, as defined in (42), for consistency with much of the published literature.
This should not cause any confusion with the axial displacement u used in the derivations in Sections 2—5, which in any case has
disappeared in the final dimensional Eqgs. (40) and (41).
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K.L _KuL KL
Ky El Kyl El ° zl = EI
KyuL? KL’ K,.L’
Kynl = El Kznl = £’ Ky: = “EI

the nondimensional equations of motion become
(1) The y-equation:

0"+ (14T = DYij + 2uy/Bif +un”
1
+ll+ T =Dy’ — "/'1”/ [1+TI3(¢ —1)]de
<
+ 1L+ T3 = DIGH” + 50 (%)
1
_y(%ndnu _'_%C/Zn// +W’CC”)/ [1 +F6(é _ 1)]d€
¢
1
+2u/B {n%/ +i/CC 0" / (' + ¢ )dé}
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1
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4 []1/2’1//// 4 4’7/’1//’1/// 4 n//} 4 "/C/C//// + 3n/c//C/// 4 r’//é/c/// 4 n//C/Q]
¢ . "
il 1o = 0 [ G i+ 8 D
J0
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" N Ty Y 212 P
o [ o= 0] [t i+ P e dede
& 0
¢
+ <(’€yl’1 + 15’ + 1510 + Kx’?'/ @+ n/z)dé) & —¢y)
0

& 2
ke u(0 —> &) / (&% + 77 dé =0.
0
(ii) The z-equation:
" 4 [1 4 T — DIE+ 2u/BE + 2l
1
+[l+ T8 = DI =90 | [T+ T8 - D]de

<

oIl + T = DA +30n?)
1
QLR+ I+ U / [1 4+ I8¢ — ]de
o/ 1 o
+2u\/B {c/zc + Ui = /¢ i+ n/ﬁ/)dé]
1
+ le |:C,2CN + C/n/n// _ C/// (C/C// + 7]/’7”) dé:|
+ [C/ZC//// + 4c/c//€/// + 4//3 + C/n/l/’//// + 3C/n//;7/// + C”r]/i/l/” + C//'/]Uz]
O+ T8 — 1] /0 0 iR i e
1 ¢, »
0 [ ra = [C@ o iR i azas
) £
+ <(K:lC + K:nl€3 + Kyzgrlz) + KXC// (4/2 + 77/2) dé) 6(6 - és)
0

& )
(0 = &) /0 (% 4+ 1) dE =0,

(42)

(43)

(44)
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By incorporating the forces associated with the end mass in the equations of motion, the boundary conditions are the
same as for a linear plain cantilever beam, namely

nO)y=#'0)=4"(H)=1"1) =0,
(O)y=0o=m=¢"m=o. 45)

7. Method of solution

The two partial differential equations have an infinite number of degrees of freedom. In order to analyze the
equations numerically, the continuous system is discretized to one with a finite number of degrees of freedom. One way
of doing this is to define the shape of the pipe in time through a combination of the dominant modes of a convenient
subsystem, say the linear cantilever beam. Often, and for relatively low flow velocities (Paidoussis, 1998), 2—4 modes are
sufficient to obtain reliable results.

Galerkin’s discretization method will be applied to the equations of motion, such that

N

&0 =Y 6,q,), (46)
r=1
N

(D)= . (p,(0), (47)
r=1

where ¢,(¢) and (&) are the dimensionless cantilever beam eigenfunctions, and hence appropriate comparison
functions as they satisfy the same boundary conditions as the problem at hand. For the same reason, ¢,.(&) = (&),
corresponding to the respective eigenfunctions in the y and z direction; however, the difference in notation will be
maintained to avoid confusion in the case of the coupled terms and so that, in the end, the distinction between the -
and {-terms remains obvious. The corresponding generalized coordinates are ¢,(t) and p,(t). Once Eqs. (46) and (47) are
substituted into the dimensionless equations of motion, they are multiplied by the corresponding beam eigenfunction
and integrated with respect to & from 0 to 1. These eigenfunctions are orthonormal, i.e.

1
| 6006 =6 48)
0
where 0, is the Kronecker delta; it can also be shown easily that

o) =i, (49)

A, being the rth dimensionless eigenvalue of the cantilever beam. These relationships become useful when solving the
equations of motion numerically.
The y-equation can be simplified to the following form:

. . Iy Iy . ..
md; + ¢ + (ki + 13)q; + By + K53)4:9x41 + Digad;9xds + Eipad;dids
+ Fiaq;didy + (Hia + 15040601 + Ligadipedr + Miaqipip; + Nigaqipid; = 0; (50)

similarly, the z-equation becomes

myp; + cp; + (ki + K9, + Byt + K)ol + Digappi + Esap;pidy
+ Fiap;pich; + (Higa + 15009541 + Liep;aicds + Miap;dids + Nigap;did; = 0. (51

The linear and nonlinear coefficients in these equations are defined as follows:

1
my = /0 d)i(bjdé + F[¢i¢j]5:1,

1
=2/ [ g}
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1 1
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the spring coefficients are
1
K = /0 Kby O(E — £,)dE,

|
Kf; :/0 K’z p0(E — &) de,

(52)
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K = / (e bidybih E — &)+ exKn) 2,
K = / (b3 — &) + K ) e,
il = / (b0 86 — &) + rxK ) 2,

= / (st by B3 — )+ Ky e, 53

in which

Kot = §,80( — &) / Ot dE — u(0 > £) ] / P} de,

1 1 ¢ &
[ Kuoa= | [fb,«dz;é(é—m [ didiaz—uo— ooy | cb}@}dé} ac

& & &
— 8] /0 P dé — /0 b8! /0 P e de. (54)

Since the eigenfunctions are the same in both y and z directions, the coefficients for the z-equation are the same as for
the y-equation, as given in Egs. (52)—(54).

8. Conclusion

In this paper, the nonlinear equations of 3-D motion of a cantilevered pipe conveying incompressible fluid have been
derived to (&), where the lateral deflection of the pipe is considered to be of @(g). In their most general form these
equations account for the possible existence of (i) either a four-spring or a two-spring constraint at an axial location
between the clamped and free ends of the pipe, and (ii) a dimensionally small end-mass attached to the free end of the
pipe.

The equations of motion of the plain pipe (i.e. without springs and end-mass) have been derived first; they are quite
similar to those obtained by Semler et al. (1994), and the derivation followed the same path. Accordingly, it was not
necessary to reproduce these derivations here in too much, repetitious detail. Nevertheless, the equations obtained for
motion in each of two mutually perpendicular planes contain the nonlinear cross-coupling terms associated with motion
in the other direction, totally absent in the earlier derivation.

The linear equation of motion accounting for the presence of an end-mass may be found in Paidoussis and Luu
(1985), and the nonlinear equation in Paidoussis and Semler (1998), in both cases for planar motions only. Nevertheless,
the manner of incorporating the effect of this end-mass in the 3-D equations of motion is given in this paper in fair
detail. The effect of the end-mass was incorporated in the equations of motion through a Dirac delta function, rather
than in the boundary conditions, for convenience in the method of solution outlined here and used in the Part 3
(Modarres-Sadeghi et al., 2007) paper.

It should be signalled that both with and without the end-mass, an interesting aspect of the equations of motion is
that they contain nonlinear inertial terms, which renders their solution rather tricky (Semler et al., 1996).

The necessary modifications to the equations of motion in order to incorporate the four- or two-spring arrays
somewhere along the length of the pipe are described in considerably greater detail than the rest, as this aspect is not
available, in the form treated here, elsewhere in any archival publication. It is reiterated that, although the springs are
linear, they generate nonlinear terms also, because of large deformation of the pipe to which they are attached; i.e., they
give rise to geometric nonlinearities. Furthermore, though at equilibrium the springs all lie in a specific plane
perpendicular to the pipe, they do not stay in a plane in the course of arbitrary pipe motions, and in fact generate forces
in the axial direction also.

In the main text, the springs are incorporated as if they were connected to the centreline of the pipe, which of course is
only mathematically feasible. In Appendix C, the formulation is modified to correspond to the physical system in the
experiments described in the Part 2 (Paidoussis et al., 2007) paper, where the springs are attached to a short thin ring
fitted over the pipe at the desired location.
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The equations of motion have been discretized and are, therefore, ready for solution in Part 2 (Paidoussis et al., 2007)
and Part 3 (Modarres-Sadeghi et al., 2007) of this study, in which the dynamics of the system with the spring constraint
and the end-mass, respectively, are examined. In addition to typical results to illustrate the dynamical behaviour of
these systems, ad hoc experiments to test the theory are also described, and comparisons between theory and experiment
are undertaken.
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Appendix A. Additional details for the four-spring configuration derivation

It seems appropriate to give more detail on the way the expressions for the forces associated with the nonlinear
springs were obtained.

A.1. Expressions for R; and ng,

As shown in Eq. (26), the resulting force from each spring may be vectorized by multiplying the deformation force of
the spring, k(R; — L,), by the unit vector along the length of the spring, ng,, where

Ry = \/12 +(QF ) + (PF v’
—ul = (QFv)jE£(PFwk
”R,‘ = R, s

and where L, is the unstretched length of the spring. The & sign depends on which quadrant of the yz-plane the spring is
in, at equilibrium.* The forces exerted by each spring, as shown in Fig. 3, are

(A.1)

Fi = k(l - }%) (—ti +(Q — v)j + (P — W), (A2)
Fo= k(l - zLe_z) (—ti — (Q+ v)j + (P — W), (A.3)
Fy—k (1 - 2—3) (—ti — (Q+ v)j — (P + W), (A4)
Fi= k(l —%)(—ui—f— (0 — v)j — (P + k). (A.5)

Adding these forces and decomposing them into forces acting in the x, y and z direction, respectively, we obtain
1 1 1 1
F, = _k{4_Lo<R_1+R_2+F3+R_4)}M’
(Q—v)_(Q+v)_(Q+v)+(Q—v))}

F, =—k{4v+Ln<

R, R, R; Ry
P—-w) (P—=w) (P+w) (P+w)

F,=—kl|4w+ L, — — . A6

{ W+ ( Rl + % 2 R (A.6)

The inextensibility condition can be written as
l s

u= _i/ W?* + w?)ds; (A7)

0

“Here, as in Sections 2-5, u stands for the axial deformation of the pipe, rather than the dimensionless flow velocity as in Section 6
and in Parts 2 and 3.
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it is obvious that u is of order of magnitude ((¢?), hence it is often disregarded with respect to lower-order terms in the
following manipulations, for example in the expression for R; where u? is of the order @(e*).

The next step consists of applying Taylor series expansions with respect to v and w, correct up to third order, @(¢*), to
the expressions in Eq. (A.6). After replacing P and Q by R, and 0 via

P=R,cos0, Q=R,sin0, P+ Q*=R, (A.8)

and after some rearrangement, the expressions presented in Eqs. (27)—(29) can be obtained and are given here again for
convenience

F,= 2k(1 - %) d(s — Ly) / W2 +w?)ds, (A.9)
0 0

L,
F,=0(s— LS){ - 4k<1 = cos? 0)0

0

- 2kL—§ cos” 0(cos” 0 — 4sin’ 0)p° — sz—';(ls cos? 0sin® 0 — 2)vw2}, (A.10)
R R

0 0

L, .
F = 8(s — LS){ - 4k<1 - sin? 9) W

0

- 2kL—§ sin? O(sin” 6 — 4 cos” O)w’ — 2kL—§(15 cos® fsin” 6 — 2)w02}. (A.11)
RO RO
A.2. Derivation of Eq. (36) from Egs. (33)—(35)
Some details on the steps necessary to obtain Eq. (36) from Eqgs. (33)—(35) are given here to help the reader who may

be interested in reproducing these equations.
Applying the inextensibility condition to the expression of virtual work acting in the x-direction, Eq. (33), we obtain

L s s
ow, = / (Kx / @7+ w?) ds) O(s — Ly) (—U’év + / v"ov ds> ds
0 0 0
L s s
+ / (Kx / W? +w?) ds) o(s — Ly) <—w’5w + / w”dw ds) ds. (A.12)
0 0 0

Applying the property of integrals given in Eq. (24), expression (A.12) can be manipulated to obtain the following:

L N
W, = — / <KX/ @2+ w?) ds) d(s — Lyw'dwds
0 0

L rS
- / (Kx / W2 4+ w?) ds) S(s — Ly)v'dvds
Jo Jo

L L s
+ / {wa” / (s — Ly) / @ +w?)ds ds} owds
0 K 0

L L s
+ / {va” / d(s — Ly) / (v/z—i—w’z)dsds}évds. (A.13)
0 K] 0

Proceeding in a similar way for 0 W, and 0 W,,, we obtain Eq. (36).

Appendix B. The spring forces for the two-spring configuration

It is of interest to study the dynamics of a cantilevered pipe conveying fluid constrained by an array of two
intermediate springs instead of four. In this particular analysis, as shown in Fig. 4, at equilibrium the two springs are
symmetrically disposed with respect to the zx-plane.
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v

Fig. 4. Two-spring configuration, where 8 , P and Q are predetermined and P?> 4+ Q% = Rﬁ; here L, # R,, hence there is a pre-tension
effect.

Starting from Eq. (26), with N = 2 for the forces exerted by the two springs acting on the pipe, and making use of F3
and F4 from Egs. (A.5), the forces acting in the x, y and z directions, respectively, are

1 1
Fu: —k{Z—L,,(E—{—R—A‘)}u,

F,= —k(2v+Lo(_(Q+U)+(Q_U))),

Rs Ry
P P
Fo= k(2P +w)—r,(EFW  PEWNY (B.1)
R3 Ry
Applying Taylor series expansions and the inextensibility condition, the following expressions can be obtained:
Fu=(Ki_)d(s — Ly) / W2+ w)ds, (B.2)
0
F, = (—K\_30+ Kr_sow + K3_30° + K3_,ow?)d(s — L), (B.3)
Fw = (—K() — Kl,gw — K2,1W2 + %Kg,zl)z — I<3,1W3 + K3,2WUZ)5(S — LS), (B4)
where
L L L

Ko =2k(R, — L, , Kii=k(1-22), Kip=2k(1--"+—""cos’0),

0 k( )cos 6 1-1 k( Ra) 1-2 k( R, +R0 cos 6))
Kis=2(1-2 cos0), Koy = 2(cos0 0

-3 = — R—o cos S ] = R—g(cos —cos’ 0),

L, 3 L, 2 4
Ky » =k—(4cost —6¢cos’0), K3 | =k—(1—6cos” 0+ 5cos”0),
R() R()

Ky = k202~ 15c0520 + 15¢c0s*0), K 3 = k22 (dcos> 0 — Scos* 6 B.5

3 = F( — 15cos” 0+ 15cos™ 0), 3.3 = F( cos” 0 — 5cos” 0). (B.5)

4 4

Note that 0 is half of the angle separating the springs; thus, if 0 is set to zero, this is equivalent to analyzing the
problem with only one spring with a linear stiffness of 2k. The constant coefficients, K,,_,,, are used to simplify the
expressions, the subscript n being an index to relate similar coefficients: n = 1 refers to coefficients involving k(.. .);
n = 2 refers to those of the form kL(,/Rg(. ..); and n = 3 to those of the form kL(,/Rg(. ..). The subscript m is just an
arbitrary index.

The virtual work associated with virtual displacements ou, dv and dw for the two-spring arrangement may be
expressed as

L L s
oW, = F,duds = / <K1_1 / @2 +w?) ds) O(s — L)douds, (B.6)
0 0 0
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L L
oW, = / F,ovds = — / (K1_30 — Ka_sow — K3_30° — K3_,0w?)d(s — Ly)dvds, (B.7)
0 0

L L
ow,, = / F,owds= — / (Ko + Ki—ow + Ko w? — %Kg_gvz)é(s — Ly)dwds
0 0

L
- / (KW — K3_owv?)d(s — Lg) dwds. (B.8)
0
By applying the inextensibility condition and utilizing Eq. (24) in the expression of virtual work acting in the axial

direction, 6 W,,, and after some further manipulation, one obtains the following expression for the virtual work done by
a two-spring arrangement symmetric in the zx-plane and attached to the pipe at s = L:

53
/ oW dt
n

153
= / OW,+ W, +0oW,)dt
t
l b L

— / / (K130 — Ky _ow — Ks_30° — K3,2UW2)5(S — Ly)dvdsde

t 0

ltz L r s Ly
_ / / Ki_1 V(s — Ls)/ @2 +w?)ds — 0" (0 — LS)/ W2 +w?) ds} ovdsdit

n Jo L 0 0

6 oL
2 1
— / / (KO + Ki_ow+ Koo w? — 5[(2_21;2 + K3 w' — K3_2w02>(5(s — Ly)owdsdt
1 0

t L r s Ly
- / / K11 |wd(s— Ly) / W? +w?)ds — w'u(0 — Ly) / W2+ w/z)ds} Swdsdr. (B.9)
u Jo L 0 0
This expression can be used to replace the four-spring array in the dimensionless equations of motion; specifically, the
last three terms in each equation are replaced by the following:
y-equation:
+ (k1230 — Kool — 3_an’® — Ka_an(P)S(E — &)
14 &
i (71’5(6 e [(@ -0 [t n”)dr:), (B.10)
0 0

z-equation:

1
+ (10 + K120 4 121 — §K2—2112 + 1318 = k32 lPE — &)

¢ &
. (C’é(é o) [@rae-o— o [+ n’z)d5>, (B.11)
0 0
where
KoL? K, L[} K,_;L* K5 L?
Ko = EI SKI—i = EI 5 Ky—j = EI 5 K3i_j = EI . (Bl2)

An interesting observation can be made here: second-order, ((e?), terms are present in this case because of the
asymmetrical nature of the array of springs. Also, if the initial quantities L, and R, are not equal, i.e. if the springs are
fixed to the pipe in a pre-tensioned (extended) position, the initial position of the pipe, when U = 0, will not be along
the x-axis but rather in a slightly bent state of equilibrium, as cross sectionally shown in Fig. 4.

Appendix C. Moments caused by physical attachment of the springs

With certain parameters, notably when the spring position along the length of the pipe is close to the free end, the
experimentally observed divergence (buckling) was found to occur initially in a plane perpendicular to the theoretically
predicted plane of divergence (Saaid, 1999; Wadham-Gagnon, 2004). This behaviour seems to be related to the
assumption that the springs are attached to the centreline of the pipe. In the experimental set-up, these springs are
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attached to a thin ring, which in turn is mounted on the outside of the pipe. Moments due to this configuration were
previously thought to be negligible, but they turn out to have a first order, ((¢), effect in the equations of motion;
therefore, they may influence the dynamics, and more specifically the plane of least resistance in which the system will
initially diverge. An adequate model for these moments is presented here.

C.1. Set-up of the mathematical model

Each spring is assigned a vector, a; = a;i + a;,j + ai-k, where subscripts i = 1,2, 3,4, refer to each of the springs. Let
vector a; be normal to the centreline of the pipe passing through the point of attachment of each spring, such that

T - a; =0, (C.1
where 7, is a unit vector tangent to the pipe centreline at s = Ly, which can be expressed as
1, = [X'i+yj+ Zk]o(s — Ly). (C.2)

It is quite obvious that, when the pipe is at rest in the equilibrium configuration, the x-component of vector a;, a;y, is
zero since the springs are in the yz-plane. Assuming there is no twist in the pipe, the y- and z-components of a; can be
approximated as known constants determined by their respective initial spring configurations. From Fig. 5, these
components are expressed as follows:

ay ==xsiny, a;=xcosy. (C.3)

Solving for a;, by substituting (C.2) into (C.1),

J— / N — 4 P
dix = <w) 5(‘? - Ls)a

N\
) LIt >
»

F,

F; F,

Fig. 5. (a) Display of a four spring array, when the springs are assumed to be connected to points on the outer surface of the pipe. (b)
Expanded view for the attachment of the springs on to the surface of the pipe, corresponding to the configuration used in the
experiments, showing that the line of action of the springs does not necessarily go through the centreline of the pipe.
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from which a nonunit vector, say a; for the sake of the argument, can be obtained
—yay, — 7 a;y L
a = (%) 3(s — Ly)i £ sinyj £ cosyk;
using linear Taylor series expansions,
1 1 1

_N1+_y/2+

72
~ 7" ~1
X 2 2

>

and

1

\ Oay + Zaz)* + 1

It is readily seen that a unit vector @; can be obtained from

~1- (.V,aiy)2 - (y,aiyz/ai:)2 - (Z,aiz)2 ~ 1.

/

a = ”Zf” = (Fy siny F 2 cos)d(s — Ly)i & sinyij + cos yk. (C.49

Using the parallel axes theorem, the spring force acting on the pipe may be represented as a force-moment couple
acting on the pipe centreline, where the force remains the same and the moment is expressed as

M,‘ = oa; X F,‘, (CS)

where F; is the force exerted by spring i, and coefficient « is the distance between the centreline of the pipe at s = L; and
the point of connection of each spring. In this case, we take a to have the same value for each spring. The F; forces are
the same as those given in Egs. (A.2)—(A.5).

Finally, the total moment, M, is obtained by summing the M;s of each spring

4
M=) M;=Mj+ Mk (C.6)
i=1

Summing the M;’s obtained from Eq. (C.5) with Eq. (C.4) and forces in Egs. (A.2)—(A.5), and after substituting P
and Q by R, and 6 via

P=R,cos0, Q=R,sin0, P+ Q*=R, (C.7)
the vector components of M become

M, = 4ok cos(yf) cos(0)(R, — L,)z, (C.8)

M, = —4ok sin() sin(0)(R, — L,)y’, (C.9)

C.2. The virtual work expression

The virtual work done by moment M on the system may be expressed as
Wy=M .50, (C.10)

where @ = 0,j + 0Ok is the pipe rotation vector; note that the assumption of no axial-twist eliminates rotations in the
x-direction.

Expressing virtual rotation 6@, in terms of Eulerian coordinates and keeping first-order, ((g), terms only, the
following can be obtained from the centreline tangent vector:

50, ~ (tan @) = 0 <%) ~ 57, (C.11)

similarly for virtual rotation 60,

50, ~ §(tan ©,) = & (ch—) ~ 8y (C.12)
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Putting together what has been given so far in this appendix, the moments due to the spring configuration will
contribute to the dynamics of the system as stated in Hamilton’s principle, see expression (4), such that

th 153 [5)
/ 5WMdt:/ (M-(Sq)dt:/ (M,00, + M,56.)dr
1 151 t
15 153
:/ (My52/+M:5y/)dt=/ (M, 6w + M.6v)de. (C.13)

4 il

Substituting Egs. (C.8) and (C.9) into Eq. (C.13) and integrating by parts, we obtain

123 53
/ 5WMdt=/ (M - 6q)dt
1 n

/tz /L[(4o¢k cos(y) cos(@)(R, — L)) ow'10(s — Ly) dsdr
Ju Jo
15} L
_ / / [(4ak sin(y) sin(0)(R, — L)) 8v'16(s — L) dsdz
4l 0 . )
= 4ok COS(!//) COS(@)(RO — Lo)/ {[W’(S(S _ LS) 514}]6 _ / (WH(SW)(S(S B Ls) ds}d[
t o

n L
— 4ak sin(y) sin(0)(R, — Lo)/ {[v’é(s — Ly)ovly — / (V"60")o(s — Ly) ds}dt; (C.14)
n 0

the linear contribution of the moments induced by the springs may be expressed in the form of virtual work as follows:

15} t L
/ oWy dt = — dak cos(if) cos(0)(R, — LO)/ / (W' ow)d(s — Ly)ds dt
4l 1 0

6oL
+ 4ok sin(y) sin(0)(R, — L(,)/ / V" ov)d(s — Ly)dsdz. (C.15)
4 0
Transforming Eq. (C.15) into dimensionless form
7] ) 1 T 1
[owde== [ [ meac-cpscacars [ [ mava - goomacar, (C.16)
T 71 0 7 0
where
L . . L
IT, = dak cos(y) cos(0)(R, — Ln)ﬁ, I, = 4ok sin(y) sin(O) (R, — L”)E' (C.17)
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